We have studied the lepton and quark mixing patterns which can be derived from the dihedral group D n in combination with CP symmetry. The left-handed lepton and quark doublets are assigned to the direct sum of a singlet and a doublet of D n . A unified description of the observed structure of the quark and lepton mixing can be achieved if the flavor group D n and CP are broken to Z 2 × CP in neutrino, charged lepton, up quark and down quark sectors, and the minimal group is D 14 . We also consider another scenario in which the residual symmetry of the charged lepton and up quark sector is Z 2 while Z 2 × CP remains preserved by the neutrino and down quark mass matrices. Then D 7 can give the experimentally favored values of CKM and PMNS mixing matrices. *
Introduction
It is well established that the three generations of quarks are mixed with each other to form mass eigenstates in the standard model. The quark flavor mixing matrix appearing in the weak chargedcurrent interactions is referred to as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1] . The quark mixing angles exhibit a strongly hierarchical structure, and the largest one is the Cabibbo mixing angle θ c 13 • between the first and the second generation. Observation of neutrino oscillation implies that neutrinos have masses and non-zero mixing. Analogously there should be a lepton mixing matrix in the weak charged-current interactions, and it is usually called Pontecorvo-MakiNakagawa-Sakata (PMNS) matrix [1] . However, the lepton mixing angles are less hierarchical, both solar and atmospheric mixing angles are large and the reactor angle θ 13 8.61 • is of a similar size to the Cabibbo angle [2] . As regards the CP violation phase, the CP violation in the quark sector has been precisely measured in a variety of meson decay processes. It is confirmed that the single complex phase in the CKM matrix is the dominant source of CP violation, and the angle α in the unitary triangle is determined to be α = (84.5 +5.9 −5.2 ) • [1] . If neutrinos are Majorana particles, there are additional sources of CP violation in the lepton sector, e.g., the Majorana phases in the PMNS matrix. At present CP conservation in neutrino oscillation is disfavored at 2σ level, and the exact values of the leptonic Dirac CP phase δ CP is unknown although weak evidence for δ CP around 3π/2 is reported by T2K [3] and NOνA [4] . Non-zero δ CP is also preferred by global analysis of neutrino oscillation data [2, 5, 6] .
The origin of the above flavor mixing structures of quarks and leptons is one of the most important problems in standard model. Many proposals have been advanced to explain this puzzle in the literature. In particular, the non-abelian discrete flavor symmetries appear to be particularly suitable to reproduce the large flavor mixing angles of the leptons. In this paradigm, the three generations of left-handed lepton doublets are usually assumed to transform as a three-dimensional representation of the discrete flavor group G f which is subsequently broken to different subgroups in the charged lepton and neutrino sectors, the mismatch between the two subgroups allows one to predict the PMNS matrix up to permutations of rows and columns. In a similar way, the mismatch of residual symmetries in up and down quark sectors can be employed to determine the CKM mixing matrix [7] [8] [9] [10] [11] [12] . However, no finite group has been found that can predict the correct values of the three different quark mixing angles at leading order, and only the Cabibbo angle can be generated [11, 12] .
A recent progress is to extend the discrete flavor symmetry with CP symmetry [13] [14] [15] . This approach turns out to be quite powerful and it allows for precise predictions of both lepton mixing angles and CP violating phases. It can lead to very predictive scenarios, where all the mixing angles and CP phases are related to a small number of input parameters [16] [17] [18] [19] [20] [21] [22] [23] [24] . Many models and analyses of CP and flavor symmetries have been studied so far, e.g. A 4 [25, 26] , S 4 [27] [28] [29] [30] [31] [32] , ∆ (27) [33, 34] , ∆(48) [35, 36] , A 5 [37] [38] [39] [40] [41] , ∆(96) [42] and the infinite group series ∆(3n 2 ) [43, 44] , ∆(6n 2 ) [43, 45] and D (1) 9n,3n [46] . Flavor and CP symmetries can also constrain the CP violation in leptogenesis [47] [48] [49] . Moreover, after including CP symmetry, we can achieve a unified description of quark and lepton flavor mixing from a single flavor symmetry group if the residual symmetries of the charged lepton, neutrino, up quark and down quark sectors are different Z 2 ×CP subgroups, and the minimal flavor symmetry is ∆(294) [50] . One could reduce the residual subgroups of the charged lepton and up quark sectors to Z 2 while distinct Z 2 × CP residual symmetries remain preserved by the neutrino and up quark mass matrices. Then either PMNS or CKM matrices depend on only three real free parameters, and the ∆(294) is still the smallest flavor symmetry group to generate the the experimentally preferred quark and lepton mixing patterns [51] . There are other proposals to explain lepton and quark mixing from flavor symmetry and CP symmetry, see [51] [52] [53] for different perspectives. We observe that the group order of the required flavor symmetry is a bit larger.
The dihedral group D n with general n is the group of symmetries of a regular polygon and it doesn't have irreducible three-dimensional representation. It is found that the phenomenologically acceptable Cabibbo angle can be accommodated by the dihedral group D 7 [7, 8] . In the present work, we shall extend the dihedral flavor group to involve also CP as symmetry 1 . Both left-handed lepton doublets and quark doublets are assumed to transform as a reducible three-dimensional representation which is the direct sum of a singlet and a doublet representation of D n . We shall analyze the mixing patterns for leptons and quarks arising from the breaking of D n and CP symmetry into Z 2 × CP in all the relevant quark and lepton sectors. It is remarkable that the D 14 group of order 28 can give an acceptable prediction for the PMNS and the CKM matrices at leading order. The possible mixing patterns are also studied for the second scenario in which the residual symmetries of the charged lepton and up quark mass matrices are reduced to Z 2 . Then we find that both PMNS and CKM mixing matrices can be accommodated by the dihedral group D 7 .
The structure of the paper is as follows: in section 2 we show the general constraints on the mass matrix and how to extract the mixing matrix if a residual symmetry Z g ψ 2 × X ψ or Z g ψ 2 is preserved by the fermion fields ψ ∈ {ν, e, u, d}. In section 3 we present the mathematical properties of the dihedral group D n which is employed as flavor symmetry, and the CP transformations compatible with the D n flavor group are discussed. In section 4 we analyze the predictions for lepton and quark mixing if the flavor symmetry D n and CP symmetry are broken to different Z 2 × CP subgroups in the charged lepton (up quark) and neutrino (down quark) sectors. In section 5 we study the scenario that the residual symmetries of charged lepton and up quark sectors are Z 2 subgroups while the neutrino and down quark mass matrices are invariant under Z 2 × CP . Finally we summarize our main results and conclude in section 6.
Lepton and quark mixing from residual symmetry
In the following, we briefly review how the lepton mixing can be predicted from a flavor symmetry group G f and a CP symmetry which are broken down to two different subgroups of the structure Z 2 × CP in the charged lepton and neutrino sectors [31, 50, 51] . The quark CKM mixing matrix can be derived in an analogous way using this method. We assume that the three generations of left-handed leptons doublets L ≡ (ν, e) T and quark doublets Q ≡ (u, d) T transform as a three-dimensional representation ρ of G f . Notice that the following results for mixing matrix hold true no matter whether ρ is a reducible or irreducible representation of G f . For each type of fermionic field ψ ∈ {ν, e, u, d}, the corresponding residual symmetry is denoted as Z g d 2 × X d are preserved in the up and down quark sectors respectively, the quark mixing matrix would be determined by
One can also straightforwardly extract the expression of the CKM mixing matrix for the residual symmetry
Before closing this section, we note that the above schemes can be extended to the grand unification theory if both left-handed quarks and leptons could be assigned to the same representation. In the following sections, we assume neutrinos are Majorana particles.
Dihedral group and CP symmetry
The dihedral group D n is the symmetry group of an n-sided regular polygon for n > 1. A regular polygon with n sides has 2n different symmetries: n rotational symmetries and n reflection symmetries, therefore the group order of D n is 2n. All D n are non-ablelian permutation groups for n > 2, D 1 is isomorphic to Z 2 and D 2 is isomorphic to Z 2 × Z 2 . The group D n is the semidirect product Z n Z 2 of the cyclic groups Z n and Z 2 . The dihedral group can be conveniently defined by two generators R and S which obey the relations,
where R refers to rotation and S is the reflection. As a consequence, all the group elements of D n can be expressed as
where α = 0, 1 and β = 0, 1, . . . , n − 1. Then it is straightforward to determine the conjugacy classes of the dihedral group. Depending on whether the group index n is even or odd, the 2n group elements of D n can be classified into three or five types of conjugacy classes.
• n is odd
where m is minimal integer such that the identity mρ = 0 (mod n) is satisfied, and kC l denotes a conjugacy class of k elements whose order are l.
• n is even
The group structure of D n is simple, and the subgroups of D n group turn out to be either dihedral or cyclic group. The explicit expressions of all the subgroups are
Hence the total number of cyclic subgroups generated by certain power of R is equal to the number of positive divisors of n, and the total number of dihedral subgroups is the sum of positive divisors of n.
The group D n only has real one-dimensional and two-dimensional irreducible representations. The number of irreducible representations is dependent on the parity of the group index n.
• n is odd If the index n is an odd integer, the group D n has two singlet representations 1 i and n−1 2 doublet representations 2 j , where the indices i and j are i = 1, 2 and j = 1, . . . , n−1 2 . We observe that the sum of the squares of the dimensions of the irreducible representations is
which is exactly the number of elements in D n group. In the one-dimensional representations, we have
For the two-dimensional representations, the generators R and S are represented by
with j = 1, . . . ,
• n is even For the case that the index n is an even integer, the group D n has four singlet representations 1 i with i = 1, 2, 3, 4 and n 2 − 1 doublet representations 2 j with j = 1, . . . , n 2 − 1. It can be checked that the squared dimensions of the inequivalent irreducible representations add up to the group order as well,
The generators R and S for the one-dimensional representations are given by
The explicit forms of these generators in the irreducible two-dimensional representations are
with j = 1, . . . , T is a doublet transforming as 2 j , the complex conjugatē
In order to consistently combine a flavor symmetry G f with the CP symmetry, the subsequent action of the CP transformation, an element of the flavor group and the CP transformation should be equivalent to the action of another element of the flavor group. In other word, the so-called consistency condition has to be fulfilled [13] [14] [15] 56 ]
where ρ r (g) is the representation matrix of the element g in the representation r, and X r is the CP transformation. Here g and g are generally different group elements, consequently the CP transformation X r is related to an automorphism which maps g into g . In addition, Ref. [15] showed that physical CP transformations should be a class-inverting automorphism of G f , i.e. g −1 and g which is the image of g under the automorphism should be in the same conjugacy class. We find that the D n groups really have a class-inverting outer automorphism u, and its action on the generators is R
The CP transformation corresponding to u is denoted by X 0 r , its concrete form is determined by the following consistency conditions,
In our working basis shown above, X 0 r is fixed to be a unit matrix up to an overall irrelevant phase,
Furthermore, including the inner automorphisms, the full set of CP transformations compatible with D n flavor symmetry are
Hence the CP transformations compatible with D n are of the same form as the flavor symmetry transformations in the chosen basis.
4 Mixing patterns from D n and CP symmetry breaking to two distinct Z 2 × CP subgroups
In this section, we shall consider the dihedral group D n as flavor symmetry G f which is combined with CP symmetry. The three generations of left-handed lepton and quark doublets are assumed to transform as a direct sum of one-dimensional representation 1 i and two-dimensional representation
Notice that usually the three lepton doublets are assigned to an irreducible three-dimensional representation of G f in order to obtain at least two non-vanishing lepton mixing angles. In the following, we shall show that the singlet plus doublet assignment can also accommodate the experimental data on mixing angles after the CP symmetry is considered. Moreover, one can also assign either the second or the third generation lepton (quark) doublet to a one-dimensional representation of D n while the remaining two generations transform as a two-dimensional representation of D n . The resulting mixing matrix is related to the corresponding one of the assignment in Eq. (35) through permutations of rows and columns. Since our approach doesn't make any predictions for the mass spectrum of quarks and leptons, both PMNS mixing matrix and CKM mixing matrix are only determined up to all possible permutations of rows and columns, as shown in Eqs. (14, 16, 17, 18) . Therefore alternative assignments for the left-handed leptons and quarks mentioned above don't lead to different mixing patterns.
Here we assume that the discrete flavor group D n in combination with CP symmetry is broken down to Z 2 × CP in both charged lepton and neutrino sectors, then one entry of the mixing matrix is completely fixed by the residual symmetry. Considering all possible residual symmetries Z ge 2 × X e and Z gν 2 × X ν , we find the fixed element can only be 0, 1 or cos ϕ 1 , where the value of ϕ 1 is determined by the choice of the residual symmetry. Obviously only the mixing pattern with the fixed element cos ϕ 1 could be in agreement with experimental data for certain values of ϕ 1 characterizing the residual symmetry. As a consequence, we find the viable residual symmetries in the lepton sector are Z
and X ν = {R −zν +y , SR y }, where z e , z ν = 0, 1, . . . , n − 1, x = y = 0 for odd n and x, y = 0, n/2 if the group index n is even. Accordingly the lepton mixing matrix reads
up to permutations of rows and columns, where
The parameters ϕ 1 and ϕ 2 are discrete group parameters characterizing the residual symmetry, and all possible values of ϕ 1 and ϕ 2 are summarized in table 1. We can see that ϕ 1 and ϕ 2 can take the following discrete values
In particular, ϕ 2 would be 0 or π if the group index n is odd or x = y = 0, n/2 for even n. It is easy to check that the mixing matrix in Eq. (36) has the following symmetry properties,
where the above diagonal matrices can be absorbed into the lepton fields. Therefore the parameters ϕ 1 and ϕ 2 can be limited in the ranges 0 ≤ ϕ 1 ≤ π/2 and 0 ≤ ϕ 2 < π respectively, and the values of ϕ 2 are 0 and π/2 in the fundamental region. In the case of ϕ 2 = 0, the mixing matrix in Eq. (36) 
and Xν = {R −zν +y , SR y }, where i and j are the indces of the representations 1i and 2j.
is real such that all CP phases are conserved. The evidence of CP violation in neutrino oscillation has been reported by T2K [3] and NOνA [4] and nontrivial δ CP is also preferred by global data analysis [2] . Hence we shall focus on ϕ 2 = π/2 in the following.
Including the row and column permutations encoded in P e and P ν , we find that the 36 possible permutations of rows and columns give rise to nine independent mixing patterns,
That is to say, the fixed element cos ϕ 1 can be in any position of the mixing matrix. For each mixing pattern, we can straightforwardly extract the expressions of the mixing angles sin 2 θ 13 , sin 2 θ 12 , sin 2 θ 23 and the CP invariants J CP , I 1 , and I 2 , as shown in table 2 . We see that the mixing matrices U I,7 , U I, 8 and U I,9 can be obtained from U I,4 , U I,5 and U I,6 through an exchange of the second and third rows. Therefore they lead to the same solar mixing angle, reactor mixing angle and Majorana CP phases while atmospheric angle changes from θ 23 to π/2 − θ 23 and the Dirac CP phase changes from δ CP to π + δ CP . For the mixing pattern U I,4 and the concerned value ϕ 2 = π/2, the smallness of θ 13 | sin 2θe sin 2θν sin 2 ϕ1 cos ϕ1 sin ϕ2|. The parameter F is defined as F = 1 2 sin 2θe sin 2θν cos ϕ1. The allowed region of ϕ1 in the second column is obtained by requiring the fixed element cos ϕ1 is in the experimentally preferred 3σ range [2] . The notation nmin denotes the minimal value of n which can accommodate the measured values of the lepton mixing angles for ϕ2 = π/2. Notice that only the value of ϕ2 = π/2 in its fundamental interval can generate a non-trivial Dirac CP phase in the scenario of section 4.
where "+" is for θ e ∈ (π/4, 3π/4) and "−" for θ e ∈ [0, π/4] ∪ [3π/4, π], and the parameter x is defined as
The current and upcoming neutrino experiments will be able to significantly reduce the experimental errors on θ 12 and θ 23 , and the next generation long-baseline experiments are expected to considerably improve the sensitivity to the Dirac phase δ CP if running in both the neutrino and the anti-neutrino modes. Thus the above sum rules could be tested and possibly distinguished from each other in future, or to be ruled out entirely. It is notable that the experimental data on lepton mixing angles can be explained by small dihedral group D 4 which is the symmetry group of a square. For instance, if the residual symmetry is specified by x = 2, y = 0, z ν = 1, z e = 0 and the three left-handed lepton doublets are assigned Table 3 : Results of the χ 2 analysis for the phenomenologically viable mixing patterns UI,6 and UI,9 with ϕ1 = π/4 and ϕ2 = π/2. Since the global fit results of the mixing angles slightly differ for normal ordering (NO) and inverted ordering (IO) neutrino mass spectrums, we consider these two cases separately. The χ 2 function reaches a global minimum χ to 1 1 ⊕ 2 1 , we have ϕ 1 = π/4 and ϕ 2 = π/2, the mixing angles for the mixing matrices U I, 6 and U I,9 can be quite close to their best fit values for certain choices of parameters θ ν and θ e . As a measure for the goodness of fit, we perform a global fit using the χ 2 function which is defined in the usual way 2 . The numerical results are listed in table 3. We can see that the deviation of θ 23 from maximal value can be accommodated and the Dirac phase δ CP could be around 1.5π. Moreover, we display the contour regions for sin 2 θ ij , | sin δ CP |, | sin α 21 | and | sin α 31 | in figure 1. As one can clearly see, the rotation angles θ e and θ ν are strongly constrained to accommodate the three lepton mixing angles θ ij within the experimentally preferred 3σ intervals (black areas in the figure). Therefore the allowed ranges of the mixing angles and CP phases should be rather narrow around the numerical values in table 3 and the present approach is very predictive.
The neutrinoless double beta (0νββ) decay is the unique probe for the Majorana nature of neutrinos, and it explicitly depends on the values of the Majorana CP violation phases. The 0νββ decay experiments can provide valuable information on the neutrino mass spectrum and constrain the Majorana phases. The 0νββ decay rate is proportional to the effective Majorana mass |m ee | which is the (11) element of the neutrino mass matrix in the charged lepton diagonal basis, 
For the mixing pattern U I,6 with ϕ 1 = π/4 and ϕ 2 = π/2, we show the prediction of the effective Majorana mass |m ee | as a function of the lightest neutrino mass m lightest in figure 2 . If the neutrino mass spectrum is IO, the effective mass |m ee | is around 0.046 eV or in the narrow interval [0.020eV, 0.026eV]. Since the next generation 0νββ decay experiments will be able to explore the whole region of the IO parameter space such that these predictions could be tested. In the case of NO spectrum, the effective Majorana mass has a lower limit |m ee | ≥ 0.0011 eV.
Regarding the quark mixing, it is described by the CKM matrix which is parameterized by three mixing angles θ 
2 The information of δCP is not included in the χ 2 function because it is measured with large uncertainties at present and the indication of its preferred value from global data analyses is rather weak [2] . Similar to the lepton sector, the precisely measured CKM mixing matrix can only be explained by the residual symmetry Z
and X d = {R −z d +y , SR y } where z u , z d = 0, 1, . . . , n − 1, x = y = 0 for odd n and x, y = 0, n/2 for even n. The CKM matrix is predicted to be of the same form as Eq. (36) and it reads
The values of the parameters ϕ 1 and ϕ 2 are summarized in table 1 where z e and z ν should be replaced by z u and z d respectively. The parameter ϕ 2 can be 0, π/2, π and 3π/2, and it should ranges [2] . The present most stringent upper limits |mee| < 0.120 eV from EXO-200 [57, 58] and KamLAND-ZEN [59] is represented by horizontal grey band. The vertical grey exclusion band denotes the current bound coming from the cosmological data of mi < 0.130 eV at 95% confidence level obtained by the Planck collaboration [60] .
be π/2 or 3π/2 to explain the observed CP violation in the quark sector. We have numerically analyzed all the D n groups with n ≤ 40 and find that the experimentally measured quark mixing matrix can only be described by the following two permutations
Accordingly the smallest value of group index n which can accommodate the experimental data is n = 14. The expressions of the mixing parameters can be read from table 2 by replacing θ e and θ ν with θ u and θ d respectively. For the mixing pattern V I,1 , the correlations in Eq. (43a) are also satisfied for the quark mixing angles θ 
We see that sin θ 
We see that sin θ q 23 is in the experimentally preferred region, the relative deviations of sin θ q 12 , sin θ q 13
and J q CP from their best fit values are about 1%. This tiny discrepancy should be easily resolved by higher order corrections or renormalization group evolution effects. Furthermore, the flavor group D 14 in combination with CP symmetry can reproduce the experimentally favored values of lepton mixing angles if it is broken down to Z ge 2 × X e and Z gν 2 × X ν in charged lepton sector and neutrino sector respectively. We could choose the residual symmetry specified by x = 7, y = 0, z ν = 4 and z e = 0, then the discrete parameters are ϕ 1 = 2π/7 and ϕ 2 = π/2. The mixing pattern U I,9 can accommodate the three lepton mixing angles very well, and the best fit values of the mixing parameters are 
We would like to remind the readers that the smallest flavor group is ∆(294) which can accommodate quark and lepton flavor mixing simultaneously if both left-handed quarks and leptons are assigned to an irreducible triplet of G f and the residual symmetries are Z 2 × CP [50] . Hence the singlet plus doublet assignment seems better than the triplet assignment after including CP symmetry, the order of the flavor symmetry group can be reduced considerably, i.e. 28 versus 294 in this scheme. In particular, the simple dihedral group D n allows for a unified description of quark and lepton mixing. The dihedral group together with the residual symmetry Z 2 × CP indicated above provides an interesting opportunity for model building.
5 Mixing patterns from D n and CP symmetry breaking to Z 2 and Z 2 × CP subgroups Similar to section 4, the left-haded lepton and quark doublets are assigned to the reducible representation 1 i ⊕ 2 j , as shown in Eq. (35) . In this section, we consider the scenario that the residual symmetries of the neutrino and charged lepton mass matrices are Z gν 2 × X ν and Z ge 2 respectively arising from the flavor group D n and CP. Considering all possible choices for g ν , X ν and g e , we find only the residual symmetry Z and X ν = {R −zν +x , SR x } can lead to mixing pattern in agreement with the present data, where z e , z ν = 0, 1, . . . , n − 1, x = 0 if n is an odd integer and x = 0, n/2 for even n. Using the general formula of Eq. (17), we can get the lepton mixing matrix as follow,
where δ = ϕ 2 + 2δ e , s e = sin θ e , s ν = sin θ ν , c e = cos θ e , c ν = cos θ ν , the permutation matrices P e,ν and phase matrices Q e,ν are omitted. The parameters ϕ 1 and ϕ 2 are determined by residual symmetry, and their admissible values are summarized in table 4. We can see that ϕ 1 takes the following discrete values
The second discrete parameter ϕ 2 appears in U II through the combination δ = ϕ 2 + 2δ e , the value of ϕ 2 is irrelevant since it can be absorbed into the continuous free parameter δ e . Comparing Eq. (53) with Eq. (36), we see that U II can be obtained from U I by replacing ϕ 2 with δ. Therefore the parameter ϕ 1 can be limited in the interval 0 ≤ ϕ 1 ≤ π/2, and the variation ranges of the free parameters θ e , θ ν and δ can be taken to be 0 ≤ θ e ≤ π/2, 0 ≤ θ ν < π and 0 ≤ δ < π respectively. In this approach, we can not make any prediction for the lepton masses, consequently the lepton mixing matrix is determined up to independent row and column permutations. The residual symmetry fixes one element of the PMNS mixing matrix is cos ϕ 1 and it can be any entry. As
−jz e π/n even 0 odd or even −jz e π/n n/2 −jz e π/n − jπ/2 and Xν = {R −zν +x , SR x }, where i and j are the indices of the Dn representations 1i and 2j respectively. a result, the 36 possible permutations of rows and columns give rise to nine independent mixing patterns
For each mixing pattern U II,i (i = 1, 2, . . . , 9), the expressions of the mixing parameters can be obtained from those of U I,i in table 2 by replacing ϕ 2 with δ. From the modulus of the fixed element, we can obtain the following sum rules among the mixing angles and Dirac CP phase, 
In order to show concrete examples and find new interesting mixing, we have numerically scanned over the free parameters θ e , θ ν and δ and all possible values of the discrete parameter ϕ 1 for each integer group index n. We find the smallest dihedral group which can accommodate the data is D 3 ∼ = S 3 . Note that D 3 group with n = 3 is the symmetry group of an equilateral triangle, and then ϕ 1 can be either 0 or π/3 in the fundamental region of ϕ 1 ∈ [0, π/2]. Only the value ϕ 1 = π/3 can generate a viable mixing pattern, and it can be achieved from the residual symmetry g e = S, g ν = SR, X ν = R 2 , S under the lepton doublets assignment 1 1 ⊕ 2 1 . Accordingly the fixed element is cos ϕ 1 = 1/2 and it can be the (21), (22), (31) or (32) . . , n − 1, x = 0 for odd n and x = 0, n/2 for even n. The CKM matrix is determined to be Table 6 : Numerical results of the quark mixing parameters for the permutations of the mixing matrix VII in Eq. (57), where the residual symmetry is Z
We have analyzed all the Dn groups with n ≤ 40. Here we show the values of sin θ from table 4 by substituting z e and z ν with z u and z d respectively. Furthermore, it is straightforward to check that the same mixing pattern would be obtained if the residual symmetry is instead Z
Similar to the lepton mixing matrices in Eq. (55), the row and columns permutations of V II can give rise to nine mixing patterns V II,i (i = 1, . . . , 9). The mixing matrix V II,i can be obtained from U II,i by replacing θ e , θ ν and δ e with θ u , θ d and δ u respectively. We have considered all possible values of the discrete parameters ϕ 1 for each group index n with n ≤ 40. We scan over the free parameters θ u , δ u and θ d in the range from 0 and π to determine whether a good fit to the experimental data can be achieved. For the D n groups with n ≤ 40, we find six permutations V II,1 , V II,2 , V II,4 , V II,5 , V II,6 , and V II,8 can describe the measured values of the quark mixing parameters shown in Eq. (46) . The values of n, ϕ 1 and the resulting predictions for sin θ q ij and J q CP at certain benchmark values of θ u , δ u , θ d are summarized in table 6 . We see that the smallest group index n which can accommodate the experimental data is n = 7 and accordingly the mixing patterns are V II,2 and V II, 4 .
Furthermore, we notice that the D 7 group and CP symmetry can also generate phenomenologically viable lepton mixing patterns if the residual symmetries of the charged lepton and neutrino mass matrices are Z , X ν = {R −zν +x , SR x } respectively. We find that only the mixing patterns U II,4 , U II,5 , U II, 8 and U II,9 can agree well with the experimental data on lepton mixing angles, and the discrete parameter ϕ 1 can be 2π/7 or 3π/7. The continuous parameters θ e , δ and θ ν are freely varied between 0 and π, and the current 3σ bounds of sin 2 θ ij [2] are imposed. The allowed regions of the lepton mixing angles and CP phases are reported in table 7 . As an example, we display the correlations among the different mixing parameters for U II,8 ϕ 1 = 2π 7 in figure 3 . Comparing with the scenario of Z 2 × CP residual symmetry in both neutrino and charged lepton sectors, we see that the admissible region of the Dirac phase δ CP is generally more larger. It is remarkable that the D 7 flavor symmetry with group order 14 already can give experimentally favored values of PMNS and CKM matrix. For the irreducible triplet assignment of quark and lepton doublets, we would like to mention that ∆(294) is the minimal flavor group to generate realistic quark and lepton flavor mixing patterns in the present scheme [51] .
Summary and conclusions
A compelling theory of flavor mixing is still missing. The discrete flavor symmetry and CP symmetry through the mismatch of residual symmetries is a powerful approach to explain the observed flavor mixing structure of quarks and leptons. In previous work, we find that realistic CKM and PMNS matrices can be achieved if the residual symmetry in the neutrino and down quark sectors is Z 2 × CP , and a subgroup Z 2 × CP or Z 2 is preserved by the charged lepton and up quark mass matrices [50, 51] . If the three generations of left-handed quark and lepton doublets transform as an irreducible three-dimensional representation of the flavor symmetry group, the minimal group turns out to be ∆(294) [50, 51] . The motivation of the present work is to find a smaller flavor group which can give a unified description of quark and lepton flavor mixing.
In this paper, we perform a detailed analysis of the dihedral group D n as flavor symmetry in combination with CP symmetry. We have identified the most general form of the CP transformations compatible with D n . Since the group D n only has one-dimensional and two-dimensional irreducible representations, the left-handed quark and lepton fields are assigned to the direct sum of a singlet and a doublet of D n . If the symmetries D n and CP are broken in such a way that neutrino and charged lepton sectors remain invariant under two different Z 2 × CP subgroups, all the lepton mixing angles and CP phases would depend on only two real free parameters θ e and θ ν . The measured values of the lepton mixing angles can be explained by small group D 4 which is the symmetry group of a square, see table 3 for numerical results. In the same way as presented for leptons, viable quark mixing can be derived under the assumption that the residual symmetries of the up and down quark sectors are Z 2 × CP as well. Moreover, we find that the flavor group D 14 can give the experimentally favored CKM and PMNS mixing matrices.
Furthermore, we consider a second scenario in which the residual symmetries of the charged lepton and up quark sectors are Z 2 instead of Z 2 × CP while the neutrino and down quark mass matrices remain invariant under a Z 2 × CP subgroup. The resulting lepton and quark mixing matrices would depend on three free parameters θ e , θ ν , δ e and θ u , θ d , δ u respectively. The observed patterns of quark and lepton flavor mixing can be accommodated by the D 7 group.
In the approach with only flavor symmetry (without CP), in order to achieve at least two nonvanishing mixing angles, the left-handed leptons are usually assumed to transform as an irreducible three-dimensional representation under the flavor symmetry group. An important lesson what we learn is that the singlet plus doublet assignment also allows one to understand the experimental data on lepton mixing angles after the CP symmetry is considered. We conclude that dihedral group and CP symmetry provide new opportunity for building models of quark and lepton mixing. It is interesting to implement the presented symmetry breaking patterns here in a concrete model, and as usual the assumed residual symmetries could be dynamically realized through non-vanishing vacuum expectation values of some flavons. Correlations between different mixing parameters for the mixing pattern UII,8 with ϕ1 = 2π/7, and the three lepton mixing angles are required to lie in their 3σ ranges [2] .
